条件付き最小楕円と多クラス判別への応用(モデリングと最適化の理論) by 後藤, 順哉 & 武田, 朗子
Title条件付き最小楕円と多クラス判別への応用(モデリングと最適化の理論)
Author(s)後藤, 順哉; 武田, 朗子








Graduate School of Systems and Information Engineering,
University of Tsukuba
(Akiko TAKEDA)
Graduate School of Information Science and Engineering,




, $n$ , $n\mathrm{x}n$ $Q$ , $n$ $\gamma$
,
$E(Q,\gamma):=\{x\in \mathrm{R}^{\mathfrak{n}} : ||Qx-\gamma||^{2}\leq n\}$ (1)
. , .
, ( ) $c\in \mathrm{R}^{n}$ , $D$ ,
$\hat{E}(D, c):=\{x\in \mathrm{R}^{n} : (x-\mathrm{c}, D(x-\mathrm{c})\rangle\leq n\}$
, $D=Q^{2},$ $c=Q^{-1}\gamma$ , 2
. , (1)
– .
$\mathrm{R}^{\mathfrak{n}}$ $X:=\{x^{1}, \ldots, x^{m}\}$ , $n$ $E(Q,\gamma)$
. 3 , .
1) $X\subset \mathrm{R}^{n}$ , ,
, . , , ,
, .





$i=1,$ $\ldots,$ $m$ .
(2)
, $Q\succ O$ $Q$ , $\det[\cdot]$ .
(2) . , $m$ , $m$
$E(Q,\gamma)$ . - , , $E(Q,\gamma)$
$\frac{(n\pi)^{n/2}}{\Gamma(n/2+1)}\frac{1}{\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{t}[Q]}$
( , ) , ($\Gamma(\cdot)$
) . (2) , , (
[7] , [2] ) .
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subject to $|\{i\in I : ||Qx^{j}-\gamma||^{2}\leq n\}|\geq\lceil\beta rn\rceil$ ,
$Q\succ O$ .
, $\lceil w\rceil$ $w$ , $\beta\leq 0.5$ .
, .
(3) , .
3) $X$ $n$ ,
, $X$
. , $p(x):=\kappa\det[Q]q(||Qx-\gamma||^{2})$ ( , $\kappa>0$
, $q$ $\mathrm{R}$ ). , , (
) . $(Q, \gamma)$
, .
$\mathrm{N}(\mu, \mathrm{Z})$ , $X$
( , [9] ) :
$|_{\mathrm{Z}\succ \mathrm{O},\mu} \mathrm{m}\epsilon \mathrm{x}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{z}\mathrm{e}-m\ln\det[\mathrm{Z}]-\sum_{:=1}^{m}\langle x^{i}-\mu, \mathrm{Z}^{-1}(x^{:}-\mu)\rangle$ .
$X$ , – , $\prod_{:=1}^{m}\alpha \mathrm{p}\{-(x^{1}-$
$\mu)^{\mathrm{T}}\Sigma^{-1}(x^{*}-\mu)/2\}/\sqrt{(2\pi)^{n}\det[\Sigma]}$ $(\Sigma, \mu)$ .




$-\overline{x})^{\mathrm{T}}$ ; $\mu^{*}=\frac{1}{m}.\sum_{*=1}^{m}x^{:}=:\overline{x}$ .
,
:






, $X\subset \mathrm{f}\mathrm{f}\mathrm{l}^{n}$. $E(Q, \gamma)$ ( )
. , $\mathrm{C}\mathrm{V}\mathrm{a}\mathrm{R}$ (Conditional $\mathrm{V}\mathrm{a}\mathrm{l}\mathrm{u}\triangleright \mathrm{a}\mathrm{t}- \mathrm{R}\mathrm{i}\mathrm{s}\mathrm{k}$)
$([5|)$ , 1 ,
, , , , . ,
3 ,










, $[w]^{+}:=\mathrm{m}\mathrm{f}\mathrm{l}\mathrm{x}\{w, 0\}$ .
, (6) $(Q^{*}, \gamma^{*})$ $E(Q^{*},\gamma)$ ($\beta$-Conditional
Minimum Volume Ellipsoid; , $\beta- \mathrm{C}\mathrm{M}\mathrm{V}\mathrm{E}$) .
$X$ :
1 $x^{1},$ $\ldots,$ $x^{m}$ $\mathrm{R}^{n}$ .
1 1 $(C)$ . , , $F_{\beta}(Q,\gamma, \alpha)\leq n$ .
, (6) 1 , :
$\alpha+\frac{1}{(1-\beta)m}\sum_{:=1}^{m}$ $\leq n$ ,




(6) . , 1 (6)
, .




$\phi\rho(Q, \gamma):=\min_{\alpha}F_{\beta}(Q,\gamma, \alpha)$ .
(6) (7) , $\alpha$ $Q,\gamma$ \, .
, [5] , (6) (7) . , $\phi_{\beta}$
, (6) .
, $E(Q,\gamma)$ , $x^{*}$ $(i=1, \ldots, m)$ :
$f^{:}(Q,\gamma):=f(x^{:}|Q,\gamma):=||Qx^{:}-\gamma||^{2}$.
, $E(Q,\gamma)$ , $x^{1}$ , $Q^{-1}\gamma$ $x^{:}$ ,
$Q^{2}$ 2 . , (5) $Q^{*}$ , $1/m$ $1/(m-1)$ $(Q^{*},\gamma)$
, ( ) 2 .
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1. $\Phi$ ( ) ( ) 2. 3 $\beta$-CMVE ( )
1: $\phi\rho$ $\beta$-CMVE
, $Q,$ $\gamma$ , ( ) $\Phi(\cdot|Q,\gamma)$ :
$\Phi(\alpha|Q,\gamma):=\frac{1}{m}|\{i\in\{1, \ldots, m\} : f^{:}(Q,\gamma)\leq\alpha\}|$ .
, $\beta$- (quantile) $(\beta\in[0,1))$ :
$\alpha\rho(Q,\gamma):=\min\{\alpha\geq 0 : \Phi(\alpha|Q,\gamma)\geq\beta\}$ .
11 $\Phi$ , $\beta$- $\alpha_{\beta}$ .
, $\beta$- $\alpha_{\beta}$ , , 100\beta % (
100(1–\beta )%) .
, $\phi\rho$ $\alpha\rho$ ([5]):
$0\leq\alpha_{\beta}\leq \mathrm{E}[f|f\geq\alpha_{\beta}]\leq\phi_{\beta}\leq \mathrm{E}\{f|f>\alpha_{\beta}$ ]. (8)
, $\mathrm{E}[\cdot]$ $\Phi$ , $Q,\gamma$ . , $\phi\rho$
2 . , ,
2 – . , $\phi\rho$ , $\beta$- $\alpha\rho$ ( ,
100(1–\beta )% ) ( 11).
, (7), (6) , , 100(1-\beta )%
, . 12 3 $\beta$ ,
$\beta$-CMVE ( ) , $\beta$ ( ) . , $\beta$
1 , $\beta=0$ , (6), (7) $\alpha$ , :
1 $(\dot{*})\beta>1-$ , (7) (2) .
(ii) $\beta=0$ , ( :
$|subje\mathrm{c}ttominim\dot{u}eQ\succ \mathrm{O},\gamma$ $- \ln\det[Q]\frac{1}{m}\sum_{:=1}^{m}||Qx^{i}-\gamma||^{2}\leq n$
. (9)
, 1 ( $(Q^{*},\gamma^{\mathrm{r}})$ (5) .
1 $\beta$-CMVE ( 1) .
(2) $m$ ,
$. \max_{*=1,\ldots,m}\langle f^{:}(Q,\gamma)\}\leq n$
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, $\phi_{\beta}$ ( 12 ).
2 , $\beta=0$ , $\phi_{\beta}$ ( )
( 12 ) .- , (5) , ( ) (4)
. , CMVE
, , , .
3.
, , , $\beta$-CMVE
. , $\beta\in[0,1)$ , –
:
$|\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{z}\mathrm{e}Q\succ O,\gamma,\alpha$ $m \ln\det[Q]-\frac{1}{2}\sum_{:=1}^{m}(\alpha+\frac{1}{1-\beta}[f:(Q,\gamma)-\alpha]^{+})$ (10)





$mz \geq 0,Q\succ O-\ln\det[Q]+\frac{1}{2,1}\{\alpha+\frac{e^{\mathrm{T}}z}{(1-\beta)mi=1},.\}$
, (11)
$\beta$-CMVE .
2 $(\mathit{1}\theta)$ (6) $E(Q, \gamma)$ .





$\det[Q]\exp\{-\frac{1}{2,1}(\alpha+\frac{1}{1-\beta}(f\dot{l}(Q, \gamma)-\alpha))\}$ for $i$ such that $f^{*}.(Q,\gamma)>\alpha$ ,
$\det[Q]\exp\{-_{\overline{2}}\alpha\}$ for $i$ such that $f^{1}(Q,\check{\gamma})\leq\alpha$ .
, , $\alpha$ (
, ) ,
. , , $\alpha$ $\beta$- $\alpha\rho$ ([5]) , (10),




$\beta$-CMVE (2) – , [7] (2)
– :
$|^{Q,\gamma}\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{j}\mathrm{e}\mathrm{c},’ \mathrm{t}.\mathrm{t}\mathrm{o}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{z}\mathrm{e}$ $z\geq 0,Q\succ O-\ln\det[Q]+P.e^{\mathrm{T}}z||Qx^{1}-\gamma||^{2}\leq 1+z_{1},$
$i=1,$ $\ldots,$ $m$ , (12)
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, $P>0$ , $e:=(1, \ldots, 1)^{\mathrm{T}}$ . (12) $\beta$-CMVE , 1 .
, .
3 $(Q^{*}, \gamma^{n}, \alpha^{*}, z^{*})$ (11) , $\alpha^{*}>0$ . , $( \tau_{\alpha}^{1}*Q^{*}, \frac{1\alpha}{}\gamma^{*}, \frac{1}{\alpha^{\mathrm{t}}}z^{n})$ $P=$
$\frac{\alpha}{2(1-\beta)m}$ (12) .
, [ $\eta$ ( , 12 ) ,
, – (12) . , $P$
, . , $\beta$-CMVE ,
, , $\beta$ , , $\beta-$
,
.
, SVM $C$-SVM $\nu$-SVM
( [6] ).
4.2 MVE
2 $\beta \mathrm{C}\mathrm{M}\mathrm{V}\mathrm{E}$ .
.






$\epsilon \mathrm{u}\mathrm{b}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}$ to $\alpha\rho(Q, \gamma)\leq n$,
$Q\succ O$ .
$\alpha\rho$
$\phi_{\beta}$ (8) , $/f$-CMVE
.
5.
2., 3. , $\beta$-CMVE
. , , $\beta$-CMVE
. , , –
.
, $\in \mathrm{R}^{n}$ 1
$\in K$ . , (




, 10 . 10 ,
9 , 1





1. $k$ $\beta_{k}$ , $\{(x^{:}, k^{:}):k^{i}=k\}$ , $\beta_{k}$-CMVE .
2. $\beta_{k}$-CMVE , (a), (b), (c), ,
$\overline{x}$ .
(a)
$\overline{k}\in\arg \mathrm{m}\epsilon \mathrm{x}k\in K\{\mathrm{h}\det[Q^{k}]-\frac{1}{2}f(\overline{x}|Q^{k},\gamma^{k})+\ln m_{k}\}$ .
, $m_{k}$ $k$ . , $m_{k}=|\{(x^{:}, k^{i}):k^{:}=k\}|$ .
(b)
$\overline{k}\in\arg \mathrm{m}mk\in K\{\mathrm{h}\det[Q^{k}]-\frac{1}{2}f(\overline{x}|Q^{k},\gamma^{k})\}$ .
(C) ( )
$\overline{k}\in\arg\min_{k\in K}f(\overline{x}|Q^{k}, \gamma^{k})$
, 1 , $k$ , 11 $\beta_{k}$-CMVE $(\beta_{k}=$
$0.0,0.05,0.15,$ $\ldots,$ $0.95)$ , .
.
1 $\beta$-CMVE , , $\nu$-SVM 3
. , ,
3 $(\mathrm{a})-(\mathrm{c})$ , (5) $1/m_{k}$ $1/(m_{k}-1)$ $(Q^{k},\gamma^{k})$
. $m_{k}$ (5) , $\beta$-CMVE
.
, $\nu$-SVM LIBSVM[3] , , RBF 1.
$\nu$ , CMVE $\beta$ , 11 , RBF , $\gamma$
$\gamma=2^{-26},2^{-21},$
$\ldots,$
$2^{-7}$ 10 . , LIBSVM
, $\nu,$ $\gamma$ .
1 SVM , RBF ,
1 . - , .
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, , , CMVE
. , $\nu$-SVM . , Wine
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